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Abstract 

In 1989 M.V. Tratnik found a pair of multivariable biorthogonal polynomials P n ( x ) an( i 
-P m ( x )) which is not necessarily the complex conjugate of P m (x), such that 



/oo poo P 
■ J w(x)P n (x)P m (x) Y[ dxj = fi 
-oo J —oo a i 



N,M ; 



where x = {x u ...,x p ), n = (m,...,n p ), m = (mi, . . . , m p ), N = J2%i n j^ M = Y,%i m j^ 
Hn,m is the constant of biorthogonality (which Tratnik did not evaluate), 



w(x) = T{A-iX)T(B + iX) 



T(c + iX)T(d + iX) 2 p 



T(a k + ix k )Y{b k - ix k ), 



fc=i 



T(2iX) 

P P V 

X = ^x fe . A = ~^a k , B = y"]fr fe , 

fe=l k=l k=l 

and the a's, 6's, x's, c and d are real. In the g-case we find that the appropriate weight function 
is a product of a multivariable version of the integrand in the Askey-Roy integral and of the 
Askey- Wilson weight function in a single variable that depends on x±, . . . , x p . 
In a related problem we find a discrete 2- variable Racah type biorthogonality: 

N N 

^ ^ Wpfjx, y)F m ,n{x, y)G m > tV ,'(x, y) = V m ,nS m ,m'S n ,n> , 
x=0y=0 



where 

w N (x,y) 



{aq/Tf, j'/c, acq/j'; q) N 
{aq, 1/c, acq/iY; q) N 

(i - ^C""' ) (i - ^ 2y - N ) ( 22 ^^;<z) k (cq- N ,f';q)i 



\ / x — y V / x+y 

and F min (x,y), G m i >n i(x,y) are certain bivariate extensions of the q- Racah polynomials. 
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1 Introduction 

Wilson polynomials [13], defined by 
(1.1) P n (x) = (a + b) n (a + c) n (a + d) n 4 P 3 
satisfy an orthogonality relation on the real line 

/oo 
P n {x)P m {x) W {x)dx = h n 5; 
-oo 



n, n + a + b + c + d— 1, a — ix,a + ix 
a + b,a + c,a + d 



where 
(1.3) 



w(x) 



r(a + ix)r(6 + ix)r(c + ix)T(d + ix) 



T(2ix) 

is the positive weight function (under the assumption that a, b, c, d are real or occur in complex 
conjugate pairs), and 

T(n+a+b)r(n+a+c)T(n+a+d)r(n+b+c)T(n+b+d)T(n+c+d) 



(1.4) h n = 47m! (nWM<}{d-l) r 



T(2n+a+b+c+d) 



is the normalization constant. By Whipple's transformation it is easy to see that P n {x) is symmetric 
in a, b, c, d, and that 



(1.5) P n {x) = (a + b) n (c - ix) n (d - ix) n 4P3 
= (b + a) n (c + ix) n {d + ix) n 4P3 



— n, 1 — c — cZ — n, a + ix, 6 + ix 
a + 6, 1 — c — n + ix,l — d — n + ix 

— n, 1 — c — cZ — n, a — ix, b — ix 



;i 
1 



a + 6, 1 — c — n — ix, 1 — cZ — n — ix 

Corresponding to each of these forms M.V. Tratnik [10] introduced a multivariable polynomial: 

p 

(1.6) P n (x) = (^ + c) JV (A + cZ) A rn(«ik + Mr 



fe=i 



E 



(iV + ,4 + P + c + cZ- l),/(,4-iX)j X (-nfc)j fc (ajfc + ix fc ) 



(1.7) P„(x) 



E 



(1.8) Q„(x) 



(c 



E 



(A + c)j(A + d)j I 


L = i (afc + & fc )j fe ifc! 


V 

c) N (B + d) N \\ (b k + a fc ) nfc 
fc=i 

(iV + A + P + c + d- l)j(P + iX)j - 


rr {- n k)j u ip k -ix k ) jk 


(B + c)j(B + d)j j 


L =1 (6fc + Ofc)j fc ifc! 


p 

X)/v(cZ - ?X)at J| (a fc + b k ) nk 
k=i 

(l- c - d - N )j(B + iX)j 





7" (1 - c - TV + iX)j(l -d-N + iX)j (a* + 6 fc ) jfc j fc ! 



2 



V 

(1.9) Q n (x) = (c + ilV^ + ilVllfe + aiik 

k=l 

Q-c-d-N^A-iXh £ (- nk ) Jk (b k -ix k ) Jk 



x 

j 



« (1 — c — iV — — d — N — iX)j 1 = 1 (6 fc + a fc ) ife i fc ! 



where x = (xi, x 2 , . . . , x p ), n = (m, n 2 , . . . , n p ), j = (ji, j 2 , ■ ■ ■ , j p ), and X = Efc=i x fc> N = 
J2 P k=1 n k , M = Efc=i m fc' A = Efc=i°fc' B = Efc=i & fe' J = Efc=iJJfc, and the sums in (!-6Hl-9) 
are from = to n k , k = 1, . . . ,p. Each of the polynomials in (1.6)-(1.9) is of (total) degree 2N 
in the variables x±,X2, ...,x p . The overbars in (1.7), (1.9), and in (1.21) below are used to denote 
distinct systems of polynomials and should not be confused with complex conjugation. Tratnik 
proved that 



/oo poo _ f 

■ ■ P„(x)P m (x)™(x) I] dx k =0, if N + M, 

-oo J-oo k=1 

/OO POO P 

■ ■ Q„(x)Q m (x)u;(x) J] dx k = 0, if N + M, 

-oo J —oo k=l 

/oo poo P 

■ ■ P n (x)Q m (x)u;(x) JJ dx k = 0, if n ^ m, 

-oo J-oo k=1 

and 

/oo /-oo _ _ P 

■ ■ P n (x)Q m (x)«;(x) J] dark = 0, if n ^ m 

-oo J-oo k=1 



where 

(1.14) w(x) 



T{c + iX)T(d + iX) 2 



Y{2iX) 



T(A - iX)T{B + iX) Yl r(a + ix fc )r(6 - ix fc ). 
fc=i 



Note that in (1.12) and (1.13) the biorthogonality holds in all of the indices n±, n 2 , . . . , n p , while in 
(1.10) and (1.11) the biorthogonality is for polynomials of different degrees (N ^ M). 

Since Whipple's 4F3 transformation does not apply for p > 2 the P's and Q's are no longer 
equivalent and hence the orthogonality in a single variable becomes biorthogonality in many vari- 
ables. 

We were curious to see what their ^-analogues would be. At first sight it might appear that 
they could be found in a pretty straightforward manner. We were in for a surprise. The first hurdle 
is an appropriate analogue of the weight function in (1.14). There are many possible candidates 
but the one that works for a (/-analogue of (1.10) is: 

1 ( p 2i0 -2i0 \ 

(1.15) «,(P)(x;g) := ' {& ' 6 ' ?)o ° 



(2tt)p (Ae-*© Be*e ; q)ooh(cos 6; c, d; q) (^e*©, |f e-®; q) ^ 
-A- (P k e iek ,qPk 1 e- i0k ;q) O o 
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j=l a jl 



where — ir < 9k < ir, 9k = Xk logg so that e k = q lXk for k = 1, . . . ,p, = Yjj=i A = FT 
B = J\^ =1 bj, h(cosQ;c,d;q) is defined as in [2, (6.1.2)],/? is an arbitrary complex parameter such 
that [3 q ±n for n = 0, 1, . . ., and 

(1.16) Pk+i = -^—, fc = l,2,...,p-l, 

with /?i = /?. By making repeated use of the Askey-Roy integral [2, (4.11.1)] followed by the use of 
the Askey- Wilson integral, we shall prove in section 2 that 

P 

(1.17) W^(q) := [* ■■■ [* wV>teq)f[M k 

J-7T J-TT k=1 

2(ABcd; q)^ n|=#fc^ g/frfc/3fci g)oo 



(g; q)lo(Ac, Ad, Be, Bd, cd; q)^ Uk=i( a kh] q)oo ' 

which is also valid for p = 1. It is understood that the (p — 2)-fold product in the numerator is 
taken to be 1 when p = 1. 
Let 

P V V V 

(1.18) A,- = JJ a fc , = ]J 6 fc , Jj = J^ife, Kj = K, 

k=j k=j k=j r=j 

V V V 

N i = Y nfc ' M i = Y mfc ' i = Y 

k=j k=j k=j 

so that 

(1.19) A 1 = A, B x = B, Ji = J, K x = K, N x = N, M x = M, 8i = 9. 
Analogous to Tratnik's polynomials in (1.6) and (1.7) we introduce the functions 

v 

(1.20) P n (x;g) = (Ac,Ad;q) N Y[{a k bk;q)n k 



j 



k=l 

(Ac,Ad;q)j ** ^ (q,a k b k ;q)j k 



i(ji0 2 H hjp-i©p) 

• £ ___ a -(A r 2ii+A r 3i2+-+A r P i P -i) 

Bp-.-B 3 /- 1 



and 



(1.21) P m (x;g) = (BcBdi^IKoAjg) 



m fc 



k=l 



y y (ABcdq M -\Be ie -q) K qK * (q- m r,b r e^. q)kr 
k (Bc,Bd;q) K ^ (q,a r b r ;q)k r 



e i(fc2(e 2 -e)+---+fe p (0 p -0)) 

a l a 2 ' ' ' a p-l 



■Er=2 kr(M-M r ) 
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Both -P n ( x ; q) and P m (x; q) are Laurent polynomials in the variables q lXl , . . . , q lXp . Note that if we 
divide -P n (x; q) by (1 — q) 3N and replace its parameters 01, . . . , a p , bi, . . . , 6 P , c, d, respectively, by 
q ai , . . . ,q ap ,q bl , . . . ,q bp , g c , q d , and then let g — > 1, we obtain -P n (x) as a limit case. Similarly, we 
see that P m (x) is limit case of P m (x;q). In section 3 we shall do the integration and in section 4 
prove the following g-analogue of (1.10): 

(1.22) PnPm:= ^ ■■■ ^ ^n(x; 9 )P m (x; q) w^(x; q) f[ d9 k = 0, if N + M, 

J-n J-7T k=1 

where w^ p \x;q) is given by (1.15), and 

(1.23) P n -P m = L P J2'-- E ^= lfejE - oK " m ° 

fci=0 fc p _i=0 

w V y 'v *!+...+*„_! j-j- (g mr ,ar6rg" r ;g)fc r 



(ABcdq N + m p, ABc X' nP ^) r=i (l^rb r ;q)k r 

\ P P / Ki H h/c™— l 



fciH hfcp-i 

when AT = M, with no = 1 and mo = 0, and L p is as defined in (3.7). 

Discrete multivariable extensions of the Racah polynomials were considered in Tratnik [12] as 
well as in van Diejen and Stokman [1] and in Gustafson [5]. For other related works see, for 
instance, [4, 6, 9, 11]. We have found g-extensions of Tratnik's systems of multivariable Racah and 
Wilson polynomials, complete with their orthogonality relations, see this Proceedings [3] for our 
multivariable extension of the Askey- Wilson polynomials. However, there seems to be at least one 
more extension that, to our knowledge, has not yet been investigated. The seed of this extension 
lies in Rosengren's [8] multivariable extension of the g-Hahn polynomials as well as in Rahman's [7] 
2-variable discrete biorthogonal system. In sections 5 and 6 we shall prove the following 2-variable 
extension of the g-Racah polynomial orthogonality [2, (7.2.18)]: 

N N 

(1-24) E w n{x, y)F m>n (x, y)G m ' jn '(x, y) = 

x=0y=0 

where < m, n, m', n' < N, 

(1.25) F m>n (x,y) 

( aqN+ '7~ y ;q) ^ (q x -y/c; q ) n (acq^y-*M;q) m 

_v <_l / m+n ^n—m^mx+ny 

(q^ N ;q) m +n(acq/-f-f';q) n (l/c;q) m 
X J2J2 (g~ m . 7g", tV^'^'Vqc; q)i(q- n , 7 V , cg^j gMTTV^V^ q)i+j J+j 



i=0j 



^0 (</> 7, H'q x -y- m /ac- q)i{q, j f , eg 1 "*/-*-"; q^^'qx+y-N-m-n / a . q ). + . 



(1.26) G m , n {x,y) 

« (q~ m ,q 

„ ;=0 {q,7,l'q n /c;q)i{q,y,acq m + 1 /y;q) j (q- N ;q) i+j 



™ " (g~ m , q-\ jj'q^-yac; qU^\ q~\ cg^j g)>g m+n ; g)i+j i+j 
2—i 2—, („ ~ „,/„ra /„. n \.(r, ^,™m+l lr.,1. n \ .( n -N. „V . . q ' 
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and the weight function is 



(1.27) w N (x,y) = 



x 



(aq,l/c, acq/ii;q) N 
(l-^'q^-^ac^l-cq^^iq^^/ac^qUcq^n'-q] 
(1 _ 7 y g -"-i/ ac )(l _ C q- N )(q, 7 'q~ N /ac; q) x (q, cq^ N / 7 '; g) y 

(1/c; q) x -y(q~ N ; q) x+y g-xtfy-v^ 



( 77 '/ac; g)^ ( 77 'g ^/a; g) x+2/ 
The normalization constant in (1.24) is given by 

n 2R n = 1 - a (g, acg/V; q) m (q, jjc; g)n(agM', aq N+1 ;q) m+n „- m mn 

^ ) i_ a9 2m +2 n (7 ,i/ c;?)m( y, aC g/ 7 y ;9)n(a ,g-iv ;g)m+n ? • 

Notice that both F m ^ n (x,y) and G m)n {x,y) are Laurent polynomials in the variables ^ and g y , 
and G m ^ n {x,y) is a polynomial of (total) degree n + m in the variables q~ x + , yj'q x ~ N ~ 1 /ac and 
q- y + cq y - N . 

We wish to make the observation that the summation in (1.24) is over the square of length 
TV, although the vanishing of the weight function above the main diagonal, because of the factor 
(q~ N ; q)x+y in the numerator, makes it effectively over the triangle < x+y < N. A very innocuous 
observation but it will help simplify the calculations somewhat as we shall see in section 6. 

It seems reasonable to expect that there is a multivariable extension of (1.24), but we were 
unable to find it, mainly because an extension of the g-shifted factorials of the type (a; q) x -y 
doesn't appear too obvious to us. 



2 Calculation oiW^\q) 



The key to the proof of (1.17) is to observe that by periodicity we can change 61,62, ■ ■ ■ , 6 P to, say, 
0, 62, ■ ■ ■ , 6 P (so that 9\ = — 62), with the limits of integration unchanged. So the total weight 
transforms to 



(2.1) W (p) (q) = 



(e 2i@ ,e~ 2l@ ; q^dS 



(2tt)p- 1 J-* (Ae- ie ,Be ie ; q)^ h(cos 9; c, d; q)(^e i& , q -fe~^;q) 
x f r T (6 6)TJ (A^ge-*V/3 fc ;g) 



where 



1 r (/3 2 e^,ge^ e 3- e )+^//3,ge-^//3 2 ,/3e^ e - e 3)-^,, ; , 
(2.2) I 2 (6 3 ,...,6 P )- ( a2e w 2)6ie i(G3-e)-Hfc j62e -<tf 2jaie i(e-e 3 )-ifc ;g ) c d02 ' 



However, this integral matches exactly with the Askey-Roy integral [2, (4.11.1)], provided we assume 
that max(|ai|, \b±\, |a-2 1 , I&2I) < 1 (with, of course, \q\ < 1). By [2, (4.11.1)], it then follows that 

, 9 on T(a a\ (M2,g/62/3 2 ,aia 2 6i6 2 ,a 1 /3 2 e i ( e - e 3), (Ze l ( 3-e) /ai/ 3 2;g)oo 

(2.6) H\PZ, ...,Vp) = — 



(g, a 1 b 1 ,a2b2,a 1 a 2 e i ( e - e ^, b 1 b 2 e i ( e 3-e) ;q ) c 
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Substitution of (2.3) into (2.1) makes it clear that the integration over #4 presents exactly the same 
situation, and so does the remaining integrations up to and including 9 p . Finally, one is left with 
an Askey- Wilson integral over 6: 

(2 4) wV(a) = ^^^(hfaq/hfcqU 1 [« (e 2 * , e~ 2 * ; qU dQ 

(q^r^ULMh^U 2vrL ^(cosG; A,B,c,d;q) 
2(ABcd; q)^ Y[ p k=2 {b k f3 k , q/b k (3 k ; q)^ 
(q; qfoo{Ac, Ad, Be, Bd, cd; q)^ Ul=i( a kh; q)oo ' 

by [2,(6.1.1)], which completes the proof of (1.17). 

3 Computation of the integral in (1.22) 

We shall carry out the integrations in (1.22) in much the same way as we did in the previous section. 
We transform the integration variables 0±, . . . ,0 P to 9 2 , ■ ■ ■ , p and G as before; then we isolate the 
^-integral by observing that the factors (aie i(0 " e3)_i02 ; q)j x (a 2 e ie2 ; q) j2 (fe^ 03 " ^ 2 ; q) kl 
x(b 2 e- id2 ;q) k , 2 e ^2(h+k2)+ik 2 (03-e)+ij 1 03 can ^ e g i uec i on to t ^ e integrand of W^(q), to get 

(-R)h+k2 (*+*») e iiieJ_ f w (& , g^-n -fa e »(e 3 -e)+^ 2 //?> p q h +fa e »(e-e 3 )-»e 2 ge -*e 2 /& ; g) 

[ ' q e 2tx}- k (a2^ 2 e i9 2,6ig fc ie i ( e 3- )+ i0 ^6 2 ^ 2 e- ie2 ,ai^'ie i ( e - e 3)- ie 2;g) CXD 2 

which via [2, (4.11.1)] equals, on a bit of simplification, 

( 31 ) a k2 h h q hk2 e ihS 3 (hfo , q/b 2 P2 , «ia 2 fri b 2 q^ +k ^ ; q)^ 



{q,a 1 b l qn+ k \a 2 b 2 q^ +k2 ;q) 00 

(aia2^ 1+ ^ 2 e i ( - 3) , 6 1 6 2 g fel+fc2 e i ( 3- ) ; q)^ ' 

Since ©3 = 63 + ©4, we may now isolate the (^-integral in exactly the same way, carry out a similar 
integration, simplify, and obtain 

(3.2) 4 ,2 (a 1 a 2 ) fe;i (6263) il & J 3 2 e iO ' 1+i2)04 g ilfe2+O ' 1+j2)A;3 

(fe 2 /3 2 ,9/b 2 /3 2 ,fe3f33,g/fe3fe,QlQ2a3blfc2fc3'? jl+J2+j3+fcl+fc2+fc3 ;g) 00 
(g,g,ai6ii}Ji+ fc i ,a 2 6 2 <j^2+'= 2 ,a 3 f> 3 <^3+ fc 3 jg)^ 

v (a 1 a 2 /33e'( e> - e 4) , ge »(e 4 -e) /q^feq)^ 



(ai 0203^1+^2+^3 e^ 0- ^), bib 2 fe 3( } fc i+ fc 2+ fe 3 e*( e 4- e );g) ' 

A clear pattern is now emerging. The 9 P integral is 

(3 3) qhk2+(h+i2)k3+---+(h+---+ip-2)k p -i ( a ^ 2+ "' +fe p- 1 a 2 3+ "' +fcp " 1 . . . a kp ~ 2 )(b J 2 6^ 1+J2 • • • 6 J1 "^'" +Jp " 2 ) 

P-i 

(^B q J+K- jp -k p . q)oo Yl M , q/b r p r ; qU 



X 



r=2 



p-1 

(9;9r» 2 IlKW r+fcr ;9)c 

r=l 



-iOkp 



2vr J— 7r ^a p qj p e^® p , j^-q^ k Pe i(d p 0) ^Jj^qkp e i9 P ^A_ q J i P g«(© ^p);g^ 



oo e i9 p (J-jp+kp)^Q 
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The expression in [ ] above can, once again, be computed by use of [2, (4.11.1)], and simplified to 



(3.4) 



a P J (q,a p b p qjp +k p,Aq J e i0 ,Bq K e~ i@ ,-^q J+K -jp- k p;q^ 



Since, by repeated application of (1.16) we get A(3 p /a p = Pb\/B, the 6-integral simply becomes 
the Askey- Wilson integral 



1 r w 

< 3 - B > *L 



2ir J - w /i(cos G; Aq J , Bq K , c, d; q) 

2(ABcdq J+K ;q) oc 



(q, cd, ABq J + K , Acq J , Adq J , Bcq K , Bdq K ; q)^ ' 
Collecting these results and substituting into the integral in (1.22), we find that 

p p T ST ST (ABcdq N - 1 -q)j(ABcdq M -\ q) K J+K 

(3 ' 6) PnPm ~ Lp \\ (ABcd;q) J+K q 

x tt (r Wr ;g)>(g- mr ;g) fcr (Qrfer;gk+A ;r 

r =i (q,a r b r ;q) jr (q,a r b r ;q) kr 

where 

p 

(3.7) L p = (Ac,Ad;q) N (Bc,Bd;q) M W<P>{q)]l( a r b r ] q)m r { a rbr', q)n r - 



4 Biorthogonality 

The sum over j\ and k\ in (3.6) gives 

u D (ABcdq N - 1 ;q)j 2 (ABcdq M - 1 ;g) K2 J2+K2 
[ ■ ' (ABcd;q)j 2+K2 9 

^ (q-^,ABcdg M + K ^;q) kl kl 
X k ^ Q (q,ABcdq^;q) kl Q ^ 

Since, by [2, (3.2.7)], the above 3^2 equals 



q~ n \ ABcdq N+J *-\ ai&ig* i+k 2 -at 2 
ABcdq J * +K2+k \ ai&i 



(A5 C d; g )j 2+ * 2+fcl ( g 1 +*»- JV - 



(AScd; 9 ) j2+ ^ 2+ni (gi+^-^) fcl 



302 



<T fcl , ABcdq N+J *~\ ai b!q ni i+K-N 
ABcdq n ' +j2+K2 , ai&i 



we can now do the summation over fci via [2, (1.5.3)] to obtain that the expression in (4.1) reduces 
to 



(4.2) 



{ABcd;q) ni+j2+K2 (q 1 + K ^- N ;q) mi 

x r_l)mi g (^l)+(l+^2-AT)mi+J 2 +Js: 2 

g" mi , aiftig™ 1 , ABcdq N+J i-\ ABcdq M+K2 ~ l 
X 403 0161, ABcdq N+M *-\ ABcdq n ^ +K2 ]q,q 
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Note that the 4^3 series is balanced. Now, the sum over j 2 and k 2 gives 

(ABcdq*- 1 ; q)j 3 (ABcdq M ~ 1 ; q)K s (ABcdq N+M ' 2 ~ 1 ; q) mi (q 1+K ^ N ; q) ni 



(4.3) 



(ABcd;q) ni+ j 3+K3 (q 1 + K ^ N ;q) r 

x (_l)mi g (T)+(l+^3-A r )mi+J3+^3 



2k (q~ mi , aib iq ni , ABcdq N+Js - 1 ,ABcdq M+K3 - 1 ;q) kl kl 
X ^ Q (q, aib l ,ABcdq n ^^+ K \ABcdq M ^+ N - l - } q) kl 9 

^0 ^' AB cdq ni+J:i+K:i+kl , ; g ) fca q 

X 302 



g-" 2 , ABcV^^ 1 - 1 , a 2 b 2 q 



k 2 



1+K 3 -N 3 



ABcdq n i +J 3 +K , a 2 b 2 ' ,Q,q 

As in the previous step we apply [2, (3.2.7)] to the 3^2 series above, use [2, (1.5.3)] to do the k 2 
sum and simplify the coefficients to reduce (4.3) to the following expression 



(4.4) 



(ABcdq N - l ] q)j 3 (ABcdq M - l ] q) K3 (ABcdq N+M *- 1 ;q) mi+m2 (q l+K ^ 
(ABcd; q) ni+n2+ j 3+ K 3 {q 1+K ' i ~ N ; q) mi + m2 

X (_l)™i+m2^( mi + m2 )+(l+^3-A r )(mi+m2)+J 3 +-^3 

^ ^ (q - mi , a iM" 1 ; gk (g' m2 , a 2 b 2 g" 2 ; g) fc2 rm-mQfa 



x E E 

fc 1= fc 2 =0 



X 



(q,a 1 bi;q) kl (q,a 2 b 2 ;q)k2 

(ABcdq N+J:i ~ 1 , ABcdq M+Ka ~ 1 ; q) kl+k2 ki+k2 
(ABcdq^+^+Jz+K^ABcdq^+K- 1 -^)^^ Q 



A clear pattern of terms is now emerging, and by induction we find that at the (p — l)-th step the 
sum over j±, ki, . . . ,j p -i, k p -\ in (3.6) equals 



(4.5) 



(ABcdq N - l ;q)j p (ABcdq M - 1 ;q) Kp (A Bcd( l N+Mp ~ 1 -> d)M-m p (q 1+Kp - N ; q) N -n p 
{ABcd; q)N-N p +j p +K p (q 1+Kp ~ N ; q)M-m p 

x (_l^M-rn Pq ( M - 2 m P)+{l+K p -N)(M~rn p )+J p +K p 



- E 



p-i 



n 



(q- mr ,a r b r q nr ;q) h 



\ (q,a r b r ;q) kr 



{ABcdq N+J ^\ ABcdq M+Kp ~ 1 ; q) K - kp 
(ABcdq N - n p+ J p+ K p , ABcdq M p+ N - 1 ; q) K . kp 



x 



fcl+fe2(l+ni-mi)H hfcp_i(l+niH hn p _ 2 -mi m, p _ 2 ) 



Using (4.5) we obtain that the sum over j and k in (3.6) equals 



(4.6) 



(ABcdq N+mp - 1 ;q) 



, q)M-m v . 1 ^ M _ m ^(A-/-'"P) + (i_ A f)(M-m p ) 



(ABcd; q)N-n p 

mi m p -i 

x . . . gfci+fc 2 (l+ni-mi)H hfe p _i(l+rtiH hn p _ 2 -mi m p _ 2 ) 

fci=0 fc p _i=0 



rj (q mr ,arb r q nr ;q)k r 
r = i (q,a r b r ;q) kr 



{AB C dq N -\ABcdq M - l ;g) kl+ ... +kp _ 1 
(ABcdq N - n r>,ABcdq N + m r>- 1 ;q) kl+ ... +kp _ 1 
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where 

(4-7) S p = ]T 



* (q-m P ^ ABcdq M+kl+ - +k P- 1 - 1 ;q) kp (q l+M - N - rn " +k P;q) O0 k 



(q,ABcdq N - n v+ki+---+k P - 1 . q ^ q i+k p -n p . q ^ 



X 302 



q~ n p, ABcdq N+kl+ - +k r- 1 - 1 , a p b p q k p 

ABcdq N - n p +kl+ - +k p- 1+k p, a p bp ' q,q 



Note that the 3^2 series is balanced, so by [2, (11.12)] it has the sum 

( n l+k p -n p ABcd N—n p +k 1 -\ hfc„_i \ 



Hence, 



( ABcd N-n p +k 1 +-+k p - 1 . _ 

4.8 5 P = -^-^ % 

x \ " _^ /k p v 7 00 fc„ 

^ (ASc^+ fc H--+^- 1 ;g) fep ( 9 ; 9 ) 00 " • 

First, let us suppose that N > M > 0. Then it is clear from the right side of (4.8) that S p is zero 
unless k p > N - M + well as nip > fcp. So, we must have 

(4.9) m p + (N — M) <k p < m p . 

This is a contradiction unless N = M, and then k p = m p . In that case 

( ABcd jV-w n +fcH — hfcp-i.JN ( q~ nip ABcdq N+kl ^ — hfcp_i-l \ 



(4.10) S P = g mp - 



On the other hand, if M > N > then 

(4.11) m p - (M — N) < k p < mp. 
So we get 

(4.12) s p = <r>+»-M- v ""'" 



(^L^ ABcdq N-n p+ k 1+ -+k p ^ . q 



lip 



(q-' rn v , ABcdq M+kl +-+ k P- 1 - 1 ;q 



m p +N-M 



(ABcdq^+-+ k ^q) mp+N _ M 

qN—M^ AJj cc lqN+m p +k 1 + ---k p -i-l 

j\jg c ^q2N-M+m p +ki+-+k p -i ! 9> 9 



X 201 
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However, the above 2<t>i equals 

( q l+N-M. q 

(A iQ^i ^ J M-N (AF} , N+m p +k 1 +-+k p - 1 -l\M-N 

1 6) (ABcdq 2N - M + m P +^+-+ k ^;q) M . N [ Mq ' 

which vanishes unless N = M. This completes the proof of (1.22). 
Also, with N = M, (3.6), (4.6) and (4.10) give 

{ABcd q N -\ q ) N M^-q) 

(4.14) P n -P m = L p \ /np {-l) N q-^)-r-v-n p{ABcdq N Tv 

(ABcd; q) N + mp {a p b p ; q) np 



fei+fe2(l+ni-mi)H hfe p _i(l+?iiH hn p -2-m-i-m-2 Tt p _ 2 ) 



fci=0 fc p _i=0 



\ p p / k\-\ \-kp— i 

which is, of course, the same as (1.23). By taking p=2, e.g., in which case the series on the right 
hand side of (4.14) becomes a terminating balanced 4^3 series, it is easily seen that in general the 
above inner product does not vanish when N = M and n/m, 

In closing this section we would like to point out that unlike the q — > 1 case that corresponds 
to the Tratnik biorthogonalities, the g-analogues of P n ■ Q m , P n ■ Q m or Q n ■ Q m do not seem to 
work out the same way as P n ■ P m . 

5 Transformations of F m >n (x, y) and G m , n (x, y) 

We shall now address the problem of proving the biorthogonality relation (1.24). First of all, it is 
very simple to use [2, (11.20)] to prove that 

N N 

(5.1) EE^-j/)^' 

x=0 y=0 

The forms of F mtn (x, y) and G m . n {x, y) that turn out to be most convenient for the summations in 
(1.24) are as follows: 



(5.2) F m ,n{x,y) 



(q N ;q) x+y (c 1 ;q) x - y V77V V 



rn—n. A ( n —x tY_„x—N—1 _,„m. 



X 



q-y,cqy- N ,-f'q n ;q 



{q^cq 1 m ,y;q) k 



kj+k 
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and 
(5.3) 



G m , n {x,y) 



(aq N+1 ;q) m+n (^ L ;q 



rn 



2L-, 



cq 



(^; 9 W,(?; 9 ) m (f; 9 ) 



\ ac 

/ m 

rn ^ irl x ac „N—x+l. 

i 



r 



" " (aq m+n ;q) j+ k(q 

X f^to (m N+1 ;q) j+ k(q,l, fq n+1 ; q)j 

(g -» )7 y ; V^. g)fc 

x 9 , assuming < m + n < iv . 

(q,l'^;q)k 



Since 



4<?3 



nini +m + n n~ x 77 „x-N-l 

~ 2V1 „j-iV 



/ acgJ+ 1 jV+n+l . 



/ / -N-l \ m 



ac 



4<?3 



7, 



acq 



3 + 1 



ac „jV— x+l 

Y q 



iV+n+1 



q,q 



and 



4<?3 



9-", eg""* 

ac9' +1 „m-JV 5 9)9 

V 5 9 



cq 



(^,q m - N ;q) n V y 



4<?3 



q~ n , aq m+n+ \ 7V ±9U_ 
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by [2, (III. 15)], (5.3) follows from (1.26) with a bit of simplification. 

To derive (5.2) from (1.25) we need two applications of [2, (III. 15)] on each of the two 4^3 series 
involved in (1.25). First 



(5.4) 



4<?3 



-m Tf_ n x-N-1 x 

y ) nr y 1 iH 1 



77 § 



ac 
7, 

(q y ~ N ,c- l q n - y - j ;q) 



11 1 



7V-rr+l ' 



f °^„^+y-x 211 
\ll' q 



N — x — y -\-n-\- 1 — j 



X 403 



-x nil 



ii 

l„x-N-l 



-;q 



77 



-m a_ m+n—j 



7, 



7 y-iV c -l Q n-y-j 



',9,9 



( 7 y< 



l +J/ -x+m g g ^-^-«+i+"'+" , 



77 



( 77' n x+v-N-m-n rn l+y 
\ a " 



q) /w n x - r " 

' r-m I 77 X -N-1 

ac 



.cq- ' ' x ":'/) 



X 4<P3 



9 -£t 

7, 



5 79"% 

ll'l y ll'i+v-N-n 
ac 1 a " 



;q,q 
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Substituted into (1.25) this leads to another balanced 4^3 series: 



4<P3 



q- n , cqy~ N , jqV, 



77_ i— m— n 

;q,q 



which, when transformed twice in the same manner as in (5.4), leads to 
(5.5) 



f+l-y+n \ 

— ;q) 



( n m+n-N acq^ 1 , \ 
\ Q ' 77' 'Vy-n 



y^(c q y- N ) y n 



TL a y-N-n ry!_ a -y. a \ 

a y ' ac y ' y^j 
(^y-^y-«4 



X 403 



79 , 



7 „i—m—n 



;q,q 



After some simplifications (5.4) and (5.5) give (5.2). Denoting the left hand side of (1.24) by 
F m , n • G m ' >n >, it follows that 



(5.6) F m>n -G r , 



/ c? i-jv \ 7 17 J 



x EE 



(^«), + *(^>^) 



(g- y ,cg«- JV , 7 / g w ;g)fe , +fc 

(q, cq l ~ m ,i;q) k 

(aq m ' +n ';q) r+s (q' m ',jq x , 

rs («^+ 1 ;y) r+s (y, 7 ,f^' +1 ;y) 7 



(^7',^;y) ; 



where 



(5.7) 



A 



in.n,,m'n' 



{aqhi n ' /c,acqh>-q) N (aq N+1 -q) m/+n , Q-q)^ (^;?) m# 
(ay, 1/c, acy/77' '; q) N {q~ N '; y)m'+n' (^y)^ ("F^)^, 

(cy^/7')"' 



' / -AT— 1 \ m 

7 y \ 



' JV+n+l\ m 
^7 J ? Wn 
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6 Proof of (1.24) 

Since each term in the weight function can be glued on nicely with the x and y dependent terms 
of the two double series in (5.6), the x,y-sum can be isolated as 



w I 77 2j-N-\ r+j 77 i j—N -1 -j-r 

6 w 5 [ — q J ;t9 + , — q,q J ;g,7 q J 

ac ac 



x 6 W 5 (cq 2k ~ N ; ~f'q s+k , cq k+1 , q k ~ N ; q, (tV+T 1 ) 

(W a 2j~N i- N - r . a ) (ca 2k - N+1 q ~ N ~ S • a) 
\™ q ' 7 > q ) N -i\ Cq ' y ,Q JN-k 



-,q j 



-N. , 



N-j 



( cq^- N - 
\ 7' 



JV+fe- 



-,q 



k-N. . 



N~k 



by [2, (11.21)]. The sum over j, k, r, s in (5.6) now reduces to 

{jq,l'q, acq /77', 1/c; q) N 



(6.1) F m)n ■ G m i tn i = A 



m,n,m' ,n' 



(q,q,acq/Y,y/c; q) N 



x EEEE 

j k r s 



(^^(a^+^W. 
(q- N , ^nq m ; q). (q~ N Y<7 n , eg; g) fe (g" m ' , ^f,iq N+ \ q) ? 

(g, 7, ^jp; g) . (9, V, g)* (g, 7, g) r 

{.q- n \iM^ +1 ;q)s (T,q)r +J (7';q)s 
[q^'^ll^L.^ (iq;q)r+j(l'q;q) s +k 



+ k gj+k+r+s 



The sum over j is a multiple of 
(6.2) 



5<P4 



—AT r 

g , 79 > 



7g 



r+l 77 9 



ra 77 n k—m—n 

>q ' a y . „ „ 

rf_ k-N 



(g;g)jv r ;g) n (g r ;g)r» ( 7 ' 9 V r ;g 
(7?+^ (^; g) n (7; g) m (^g^; J 



N—m—n / r r\N 



hqT, 



N—m—n 



by [2, (1.9.10)]. Together with a similar expression for the sum over k we now have 
(6.3) F myn ■ G m i^ n i 



A 



(^,l/c;g) 



N 



m,n,m,n' 



(aq m +n ;q) r+ s 
(acq/i ,i/c;q) N (aq N+1 ; q) r +s 



EE 



(q~ m ' , f 2 , 79 iV+1 ; 9) r (q~ n ' , i , l'q N+l 5 g) , 



N—m—n 



(g r ;g)r 



-(7? 
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V ~ Jm V " / N-m-n 



-W) N 



N—m—n 



(Yq N+1 ;q) s (cq 1 - m ; q) m ( 7 >; q) n (£<T^; g) 

(^,1/c;,) (^;g) g) ( g -^/a; g)^^ 



x (g- s ;g) n g (m+1)r+(n+1)s . 
The r, s sum is 



(6.4) (_i)™+v m 2 +i )+( n r) 



^ , „ i o„ I 1 \ / rirn m + n' + 1 \ / ~l„n+m' \ Q 



r- 



/ ,\ m — m 



which vanishes unless m' > m and n' > n. 

The sum in (6.4), via [2, (11.12) and (II.6)], equals 

/ „l+m— ra'+n— n' etc m+n+1. „\ ( n l+m— m' . \ 

\q > ~i q ihi , \q iH)m'—r. 

\ [ / n'—n 

( aq 2m + 2n+^ <^±±- q ) {aq 2m + n+n' +1 . q)m , % 

\ i /n'—n 

which vanishes unless m' <m and n' < n. Thus we must have 

(6.5) F m>n ■ G m i >n i = unless (m,n) = (m' ,n'), and then 

l_ a U^o) (5,^9) (%,<*r +1 ;q) + 

ffi P C — V ' / m \ ^ / n \ ' ' /jm+n_ n—m mn 

{0.0) r„^ n ■ Ur mjn - 2m +2n , , , , / . ac „ \ , N s C 9 ' 

1 (7,Vc;?)m (7 / ,^7;9j n (a,9 _JV ;9)m+n 

which completes the proof of (1.24) and (1.28). 

It may be mentioned that there are other double series representations for F mjn (x,y) that one 
could use instead of (5.2) in the derivation of the biorthogonality relation (1.24) which do not 
contain the factor l/(q~ N ; q) x +y that cancels out the (q~ N ; q) x +y factor in the weight function, but 
the subsequent computations turn out to be quite tedious, while the final result is, of course, the 
same. 
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